In the present paper methods and algorithms of modeling quantum operations for quantum computer integrated circuits design are developed. The results of modeling of practically important quantum gates: controlled-NOT (CNOT), and controlled Z-transform (CZ) subject to different decoherence mechanisms are presented. These mechanisms include analysis of depolarizing quantum noise and processes of amplitude and phase relaxation.
INTRODUCTION
At present dozens of various models of quantum, computers are being actively discussed. Among the most prospective and interesting suggestions on quantum registers realization are the projects based on ion traps, nuclear spins, quantum dots, photons, charge, flux and phase states in superconducting structures, atoms in a Rydberg state, quantum states of vacancy centers in diamond, and other [1] [2] [3] [4] . The main achievement of the research in the field performed until now is a practical demonstration of validity of physical principles underlying the idea of quantum computations. The main obstacles for building a full-scale quantum computer are a poor development of manufacturing technology for quantum registers relative to requirements, difficulties of measurement and control of quantum states, and of suppression of decoherence caused by quantum noise. Right now, the accuracy of the realization (probability of coincidence between theoretical and experimental quantum states) is only 60-80%, while the required accuracy must be 99.99 % and higher.
The purpose of our paper is to consistently describe the methods and algorithms of mathematical modeling of quantum operations for the tasks of the quantum computer integrated circuit implementation. We focus on analysis of quantum operations described by the Hamiltonian dynamics of quantum gates that are influenced by environmental quantum noise, in particular, on some practically important gates, such as controlled NOT (CNOT), and controlled Ztransformation (CZ). We take into account various mechanisms of decoherence, including the depolarizing quantum noise, and the processes of amplitude and phase relaxation.
The structure of the paper is as follows:
In Section 2, we discuss the method of modeling amplitude and phase relaxation of qubit states. The method is based on using Kraus operators and unitary representation. One of the complications in the real gates is that the processes of Hamiltonian evolution and relaxation act simultaneously and cannot be separated. In Section 3 we consider modeling of CNOT and CZ gates, and attempt to solve the practical implementation issues.
AMPLITUDE AND PHASE RELAXATION OF QUBIT STATES
Let us start with a simple but a very important case of pure dephasing.
The Kraus operators of pure dephasing are given by
We can easily calculate transformation of a density matrix
Let us parameterize the input state as follows:
We see that diagonal elements of the density matrix are invariant for the pure dephasing case. These elements determine the populations of the energy levels.
Historically, a spin-spin nuclear relaxation was one of the first phenomenon's used for studies of quantum processes [5] . Nuclear spins and other physical systems experiments show that non-diagonal elements characterizing coherence usually decrease exponentially with time. Therefore, it is natural to use the following parameterization:
The time parameter pure T 2 introduced here characterizes pure dephasing.
Finally, we have the following equation for the pure dephasing process:
Let us note the correspondence between the pure dephasing process and phase flip. A phase flip (Z-error) is described by the following Kraus operators:
where p is the probability of error.
It is easy to see that the two considered processes coincide if
Consequently, we obtain the correspondence between the error probability and the pure dephasing time:
Initially ( 0) t  p is equal to zero (no decoherence), and we have full decoherence (
The so-called amplitude relaxation is the next important process we consider. In this case the Kraus operators are given by:
The parameter  defines the relaxation (leap) probability. This leap is related to the transfer from the excited state 1 to the ground state. We assume that 0 is the final state after the amplitude relaxation.
Once again let
We see that the amplitude relaxation affects both diagonal and non-diagonal elements. Note that generally it is impossible to provide an upper level population damping without the loss of coherence, due to the loss of density matrix positive semidefiniteness property.
Historically, a spin-lattice nuclear relaxation was one of the most important systems in the studies of the amplitude relaxation process [5] .
Let us introduce the parameter 1
T that characterizes time-exponential relaxation of the upper level
and discuss the difference between these equations and formulas for the pure dephasing. Time 1
T parameterizes the speed of relaxation of the diagonal elements of the density matrix. For non-diagonal elements the relaxation is two times slower. Thus
One can easily see that the effect of both processes applied simultaneously is the following:
Here we introduced the new parameter 2 T such that
Therefore, 
Next, we shall consider a unitary representation of amplitude and phase relaxation processes. This representation will be used in Sections 4 and 5 for analysis of implementation of the algorithms modeling the quantum gates. Consider the phase relaxation first; the Hamiltonian that describes the interaction between a physical qubit and a ancillary qubit that simulates the environment is The unitary evolution defined by this Hamiltonian is It can be shown that in Taylor's series expansion the odd powers will yield sine and even powers cosine. As the result we obtain: 
Thus, the relationship between the parameters  and  is given by the following formula: 
We see that two distinguishable alternatives appear as the result of interaction of the qubit with its environment. If we obtain 0 after the measurement of the environment then . cos 
Summation over degrees of freedom of the environment gives
Note that the phase coefficient i is insignificant in the last equation, because it does not affect the Kraus decomposition.
Therefore the relationship between parameters  and  is again 2 sin .
 
The relation between the fictitious time  and the real time t is determined by the following formula
This relationship is analogous to (24).
MATHEMATICAL MODELING OF QUANTUM OPERATIONS
The approach in this paper is based on the use of the Choi-Jamiolkowski states and of the unitary representation of open quantum system. A quantum operation that describes the action of a noisy quantum gate can be given via chi-matrix, a G-matrix (the evolution matrix), or via the Kraus operators. The goal of the modeling is to compute these matrices.
As an example, let us consider the method of two-qubit gate modeling subject to phase and amplitude relaxations. In this case, we can use 6 ancillary qubits along with the two physical qubits. Qubits 1 and 2 represent ancillas of the relative Choi-Jamiolkowski state. These two qubits together with the physical qubits 3 and 4 form the maximally entangled state , .where In the same manner, qubits 7 and 8 support qubit 4.
In the Markovian approach, evolution is defined by the unitary operator in Hilbert space of all eight qubits
At the beginning the state of the entire system is
Similarly, the initial state before every evolution step is
is the density matrix of the first four qubits (the chi-matrix at the time t ).
The final state after every step is
The last action of every step is Markovian reduction. This reduction is performed by tracing over the environment degrees of freedom and "forgetting" the system-environment correlations.
We choose In the following examples, we shall consider two types of the quantum noise: amplitude and phase relaxation introduced in Section 3, as well as the depolarizing noise.
The depolarizing noise is one that changes s s  density matrix as follows: The Kraus operators can be derived from the chi-matrix as described in section 2.
The first example of modeling is a CNOT chi-matrix (in Pauli matrices representation) on Fig. 1 . The ideal case without noise is presented on the upper figure (a). The amplitude and phase relaxation with parameters
